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Efficient Numerical Simulation of a One-Dimensional
Electrothermal Deicer Pad
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In this paper, a new approach to calculate the transient thermal behavior of an iced electrothermal deicer pad
is developed. The method of splines is used to obtain the temperature distribution within the layered pad. Splines
are used in order to create a tridiagonal system of equations that can be directly solved by Gauss elimination.
The Stefan problem is solved using the enthalpy method along with a recent implicit technique. Only one to three
iterations were needed to locate the melt front during any time step. Computational times were shown to be
greatly reduced over those of an existing one-dimensional procedure without any reduction in accuracy; the
current technique was more than 10 times faster.

Nomenclature
A = coefficient of the Xj-1 term in Eq. (23)
B = coefficient of the Xj term in Eq. (23)
Cp = specific heat
C = coefficient of the Xj+1 term in Eq. (23)
CH = coefficient in enthalphy function
C0 = coefficient in the Kirchhoff temperature function
D = right hand side of Eq. (23)
h = grid spacing arid convective coefficient
H = enthalpy per unit volume
J = last grid point in layer
k = thermal conductivity
L = latent heat of fusion
m = first derivative of the spline function
M = second derivative of the spline function
q " = heat flux
r = Fourier number
S(x) = spline function
/ = time
T = temperature
u(x) = arbitrary function
x = coordinate diriiension
X - arbitrary scalar or vector variable in Eq. (23)
a. = thermal diffusivity
e = slope constant in phase property relations
p = density
0 = Kirchhoff variable

Superscripts
n = time level
T = transpose
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Subscripts
i - layer index
/ = interface
j - spatial node index
/ = liquid phase
m = melting point
R = reference value
s = solid phase
w = two-phase substance

Introduction

O VER the past few years, finite-difference methods have
been used in numerical investigations of the flow of heat

in multilayered bodies. The top of the body is covered with a
layer of ice and one of the internal layers contains discrete heat
sources (heaters) distributed along the layer. Interest in this
problem stems from the fact that such a composite structure is
found in an electrothermal deicer pad that is used for
removing ice from exposed surfaces of aircraft components. A
comprehensive description of the deicer pad and how it
compares to other deicing and anti-icing methods may be
found in Ref. 1.

Deicer Pad Models
Predicted transient behavior of an electrothermal deicer pad

has been obtained using one- and two-dimensional heat
transfer analyses. In the one-dimensional studies1'5 there are
no gaps between the heat sources and all layers, including the
ice, have uniform properties and thickness. Thus, only a linear
slice of the composite needs to be considered. In a recent
paper, Leffel et al.6 compared one-dimensional predictions,
using the computer code developed by Marano,5 to experimen-
tal data obtained from a series of tests performed in the NASA
Lewis Icing Research Wind Tunnel. In general, the one-di-
mensional predictions compared favorably with the experi-
mental data. However, in regions of high blade curvature or at
locations affected by changes in layer structure (e.g., in gaps
between heaters, at extremities of the ice layer, at changes in
layer materials, etc.), replacement of the one-dimensional
models with two-dimensional versions should be considered.

Several two-dimensional numerical investigations of an
electrothermal deicer pad have appeared.2'7'11 The two-dimen-
sional models have taken two forms: a segmented heater form,
written in a Cartesian coordinate system, and a full-blade
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form, written in a nonorthogonal coordinate system. In the
first type,2'7'8 the heaters are assumed to be evenly spaced and
transient behavior is determined for only a section of the pad.
In the full two-dimensional model,9'11 effects of geometry,
including blade curvature and ice shape, are taken into
account by a coordinate mapping procedure.

As may be expected, as the modeling becomes geometrically
more involved, the required computational times increase
substantially. It has been found that the computational times
of the full two-dimensional simulation are roughly an order of
magnitude larger than those of the section two-dimensional
simulation and two orders of magnitude beyond those of the
one-dimensional simulation. Clearly, for these methods to
have practical design utility, the computational times must be
restricted to values that permit a number of cases to be
considered in a realistic time frame. Unless this condition is
satisfied, these methods would hardly ever be used as design
tools.

To avoid this possibility, it was decided to investigate
methods for reducing the computational times of the various
deicer pad models. Because the one-dimensional version
model is easiest to work with, and was thought to be the most
difficult to speed up, it was used in this paper to demonstrate
the potential for improving computational efficiency. It
should be noted that this improvement was sought without
requiring fewer grid points and/or using larger time steps, or
resorting to the use of more powerful computers.

In considering how to enhance the computational efficiency
of the numerical treatment of a deicer pad, attention may be
directed toward two principal aspects of the solution proce-
dure: 1) the method used to model the heat transfer within the
various layers of the composite, and 2) the method used to
model the change of phase of the ice.

Cubic Splines
Many approaches are available to handle the internal heat

transfer computation. For this study, the method of cubic
splines was selected. There are several advantages that may be
realized by applying cubic splines to the numerical solution of
the internal deicer pad heat-transfer problem. These include:

1) The computational grid need not be uniform and there is
no loss of accuracy associated with the use of a variable mesh.

2) The boundary conditions may be readily incorporated
into the solution procedure and there is no need to first
represent these conditions in finite-difference form.

3) The governing equations and boundary conditions may
be turned into a tridiagonal system of algebraic equations and
efficiently solved using Gauss elimination.

4) The interpolating properties of splines may be exploited
to obtain values at locations that lie between node points.

The method of splines has been used in the numerical
solution of a variety of engineering problems. The theory and
use of splines was developed by Ahlberg et al.12 Examples
using this technique were given by Davis and Rabinovitz.13

Paramichael and Whiteman14 applied the spline technique to
the solution of a one-dimensional heat conduction problem
that did not include phase change. Rubin and Graves15 used
splines to solve a number of fluid flow problems. Recently,
Lin et al.16 utilized the spline method in an abalation problem,
but did not track the transient behavior of the melt front.

Applying the method of splines to the situation where phase
change can occur required additional considerations. The
spline method is relatively easy to apply if the material
properties do not depend upon the temperature. However, for
a substance undergoing a phase change this is not the case. To
overcome this difficulty, a Kirchhoff temperature transforma-
tion, as described in Arpaci,17 was used.

Phase Change Modeling
To avoid the difficult task of determining the spatial

location of the phase change front, the so-called enthalpy
method18 can be applied to the melting region. Enthalpy

methods have been frequently used to obtain numerical solu-
tions of moving phase front problems. Such problems are
called Stefan problems.

Enthalpy methods present at least two major difficulties.19

The first deals with accuracy of the method, for it is well
known that solution accuracy depends on the position of the
phase front. However, these inaccuracies have been resolved
by Voller and Cross.20 The second difficulty arises because the
descretized equations for any implicit scheme applied to the
method produce a set of nonlinear algebraic equations that
generally require a time-consuming iteration procedure to
solve. This negates one of the major advantages of the spline
method. However, Schneider and Raw21'22 recently proposed a
method that can overcome this obstacle. By their method, the
state of each node in the phase change region is assumed at
each time step. This reduces the number of unknowns and
permits the resulting system of algebraic equations to be
tridiagonal in form. The equations can then be efficiently
solved, after which the starting assumption regarding the state
of all the nodes is updated. Thus, the method acts more as a
predictor-corrector scheme than an iterative procedure. In this
paper, this implicit procedure will hereafter be referred to as
the method of assumed states.

Neither cubic splines nor the method of assumed states have
been used in any of the previous deicer models. Applying these
numerical techniques to reduce the computational times of the
electrothermal deicer pad heat-transfer analysis is the subject
of this paper.

Analysis
Physical Considerations

A section of the composite structure used for the analysis is
shown in Fig. 1. It consists of four layers plus the accreted ice.
The bottom layer is the load-carrying substrate. The external
surface of the substrate is subjected to a convective heat
exchange. The internal surface of the substrate is covered with
a layer of insulation. The heater is sandwiched between two
layers of insulation. The bottom insulating layer is much
thicker than that of the top so that most of the generated heat
is directed toward the ice. A metal shield covers the top layer
of insulation for protection. The insulating layers electrically
isolate the heater from the metal substrate and the abrasion
shield. The layers of the composite are joined to each other
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Fig. 1 One-dimensional model of an iced electrothermal deicer pad.
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with adhesive. The adhesive was not modeled in the analysis,
but could be easily included as additional layers with their own
thermal properties. The heater is usually very thin (approx-
imately 1-5/1000-in. thick), and therefore was treated as
having zero thickness (a point heater). The ice surface exposed
to the ambient is subjected to convective heat transfer
different from that of the substrate.

Analytical Considerations
The following assumptions were used to develop an

analytical model of the physical problem previously described:
1) The heat flow direction is exclusively from the heater to

the ice layer and/or the substrate so that the problem can be
considered in terms of a single spatial dimension.

2) There is perfect contact between each of the pad layers.
3) The physical properties of the materials of the composite

structure are independent of temperature.
4) The heating element has zero thickness.
5) The convective heat transfer coefficients are constant.
6) The ice has a uniform thickness and is free of impurities.

Internal Layers
The governing energy equation for the /th layer of the

composite is

(1)1 v I • 1 XT— I f . ————- 7 = 1 M~~ /t/ »\ 9 ' 1,...,J>

where i =N corresponds to the abrasion shield and / = 1 to
the substrate. At the bottom surface of the substrate, for the
coordinate system shown in Fig. 1, the convective heat
transfer boundary condition is

Ix (°'° = hal (2)

At the interface between adjacent layers, which are desig-
nated by / in the following, temperatures and heat fluxes are
continuous, thus,

Ti(xiJ,t)=Ti+1 (xa,t)
f\ /\ki ~ (Xiiyt) = ki+ i ~ (Xiift (3)

At the heater interface, Eq. (3) is modified to account for
the flux of heat from the heat source

Various types of heater outputs can be specified.

Tee Layer
The governing equation and boundary conditions for the ice

layer are treated differently from those of the internal pad
layers. In particular, Eq. (1) is rewritten in terms of the
enthalpy per unit volume, H = pcp T.

rl
(5)

This equation is nonlinear and not in the proper form for
subsequent application of the spline method. However, it can
be made linear by applying the Kirchhoff transformation in
which the temperature is replaced by the so-called Kirchhoff
variable defined by

/ [TW
i — kw(T)dTkR ]TR

(6)

In this expression, kR and TR are the reference thermal
conductivity and temperature, respectively. Direct application
of the transformation yields

dt
w , 82d
-=kR^ (7)

The enthalpy of a two-phase region is related to the tem-
perature in the following manner and diagrammed in Fig. 2:

rr _

[ (pcp)sTw,
(pCp)sTm9

Pii(cp)8Tm
Pil(cP)sTm

L}9
L]

Tw<Tm
Tw = Tm

Tw = Tm
w - Tm), Tw > Tm

(8)

Thermal conductivity of water is piecewise continuous about
its melt temperature. For a sufficiently small temperature
range of about 492°R, the following values may be used:

1.416
Btu/h-ft-°F

0.320

T < T1 w — -1 m

Tw>Tm

Substituting the above values into Eq. (6), choosing reference
values of T* = 450°R and k^ = 1.416 Btu/h-ft-°F, and
performing the integration, provides the relationships between
the temperatures and the Kirchhoff variable in the two-phase
region:

Tm ~ TR,
Tm-TR + 0.226(TW -

The inverse of this is:

CO + 450,
Tw(6) = J 492,

4.425(9 + 306.16,

Tw < Tm
Tw = Tm (9)
Tw > Tm

Tw<Tm
Tw = Tm (10)
Tw>Tm

As an aid to implementing the method of assumed states,
Eqs. (8) and (9) were rewritten in single equation form. For
the enthalpy

Hw = HR (H)

where HR is the reference enthalpy value and CH is the
temperature coefficient. For the Kirchhoff variable

Sw = 6R + CeTw (12)

The coefficients HR, CH, 6R, and Q depend on the particular
phase:

For a subcooled solid: Tw < Tm

6R= -TR, Q = l (13b)

For the transition phase: Tw = Tm

HR = (pcp)s(\ - l/e)Tm, CH = (pcp)s/e (14a)

Q-0 (14b)

In Eq. (14), e is a small value whose effect is equivalent to
having the phase transition occur over a negligibly small
temperature range and characterized by a very large specific
heat. The value of e used in this study was 10 ~4.
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For a heated liquid: Tw > Tm replacing the equation with

Hw = Pi[(cp)sTm + L}- (pcp){rm , CH = (pcp)i (15a)

OR = Tm-TR- k,Tm/kR, C = *,/** (15b)

Before the transformed boundary conditions for the ice layer
can be described, one other consideration will be advanced.
The use of the Kirchhoff transformation precludes mixed
boundary conditions. Only boundary conditions that pre-
scribe the temperature or the heat flux on the boundaries are
permitted. Since there is a convective boundary condition at
the exposed ice surface, the ice layer was divided into two
parts, as illustrated in Fig. 1. The portion of the ice layer
adjacent to the abrasion shield has the proper boundary
conditions for direct application of the Kirchhoff transforma-
tion technique and thus requires no further consideration. The
outer portion of the ice layer is treated as a solid with constant
thermal properties, i.e., it is assumed that the melt front never
enters this portion of the ice layer. Thus, no Kirchhoff
transformation is required there. This does not restrict the
proposed methods for a deicer application, since any accreted
ice is generally shed shortly after melting occurs.

At the ice-shield interface, the boundary conditions require
that

T4(x4i,t) = Tw(x4I,t)

—1 (x4I,t) = kR — (x4I,t)ox ox (16)

Similarly, the boundary conditions for the interface between
the two ice layers are

(17)
f\f\ *\ rj-i

R - (xwl9t) = k5-

The convective boundary condition for the ice layer-ambient
interface is

-r1 CW) = ha2[T5(xsI,t) - Ta2]ox (18)

Numerical Considerations
For a given layer in the composite, let the subscript j

indicate a spatial node and n a time level. Further, let Tf
denote a discrete approximation of T(x9t) at (xjf tn). Now, a
cubic spline function S(Xj) is said to interpolate to the values
Tf at the nth time level if S(Xj) equals Tf for j = 1,2,...J.
Then an approximate solution to Eq. (1) can be obtained by

H

solid

liquid

melt

'm 'w
Fig. 2 Temperature enthalpy diagram for water.

(19)

where M7 = S "(*/)• Note that the derivatives are evaluated at
the advanced time level, i.e., a fully implicit scheme is used.
Also, the first subscript on each of the variables in Eq. (19), /,
indicates the layer, and the second subscript, j, the grid point
within the layer. Equation (19) can be reduced to an algebraic
equation by using the relationships between S(Xj) and its
derivatives. The basic cubic spline relationships needed to
accomplish this have been developed in the Appendix and are
repeated here for convenience.

h- U2-U, (20)

h

(21)

(22)

In these equations, Uj = S(Xj), nij = S'(*/), M, = S "(*,-),
and h is the incremental distance Ax between two adjacent grid
points. The second derivative in Eq. (19) can now be removed
with the use of Eqs. (20-22). The resulting equations will
contain only the temperatures and first derivatives at the layer
boundaries which are, of course, defined by the boundary
conditions.

Using the previous spline functions, three general equations
are developed to replace Eq. (19) for a given layer: one for the
first node in the layer, one for all the interior nodes, and one
for the last node in the layer. The equations are developed first
for a solid layer and then for a layer undergoing a change of
phase. Moreover, the equations can be written in the following
tridiagonal form

- 1 + + CijXjj+ i = (23)

Note, for the internal layers, the arbitrary variable X = T\ for
the phase change layer, X - [//0]r; for the phase change/solid
ice interface, X = [TH6]T. In the analysis which follows, only
values of the coefficients A, B, C, and D will be given. In the
phase change layer, these coefficients will have the number of
components that corresponds to the X variable for that
region.

Internal Layers
To develop the equation for the first node, Eq. (20) is solved

for MJ and, with £/(*/) replaced by T f + 1
9 is substituted into

Eq. (19) to obtain

(24)

Next Eq. (19) is rewritten for the (/ + 1) rst layer, inserted
into Eq. (24), the result multiplied by A£, and rearranged so
that all unknown temperatures appear on one side of the
equation. This produces the following coefficients for Eq. (23):

= 0

3r,

3rf-

(25a)

(25b)

(25c)

(25d)
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where rf = a^t/hf is the dimensionless grid Fourier number.
The coefficients in Eqs. (25) inserted into Eq. (23) give the
general equation for the initial node of any internal layer.
Equation (20) was used for the first node to avoid the
introduction of a fictitious node that would lie outside the
layer. Also, this equation includes the first derivative through
mJ9 thus, the boundary condition at the interface is automati-
cally incorporated.

Similar reasoning leads to the selection of Eq. (21) for the
interior grid points and Eq. (22) for the last node in the layer.
The procedure to develop these equations parallels that used
to generate the coefficients in Eqs. (25) and so that develop-
ment will not be given here. The coefficients to be used in
Eq. (23) for the internal nodes and for the ending node of a
layer are, respectively,

interface are

= 1 - 6r, (26a)

Bfj = 4(1 + 3/v) (26b)
for j =2...,7-1

= 1 - 6r, (26c)

(26d)

Au = Vi - 3r/ (27a)

Bu = 1 + 3r/ (27b)

Q, = 0 (27c)

. i + I7// + 3r//i//H#+* (27d)

The boundary conditions at the edges of the layers may next
be incorporated into the coefficients of Eqs. (25) and (27).
Once this is accomplished, these equations together with the
interior Eqs. (25) can be used to construct a system of linear
algebraic equations for each node of the layered body being
analyzed.

The boundary condition at the inner surface of the
substrate, i.e., layer 1, grid point 1, is given in Eq. (2) and is
rewritten in terms of a spline variable as

k\mn = hai(Tn - Tal)

Combining this with Eqs. (25) and rearranging yields the sub-
strate/ambient interface coefficients that are used in Eq. (23)

An = 0 (28a)

#ii = l + 3r, + 3//M<n/fci (28b)

Cn = l/2 - 3rf (28c)

Ai = rfi + 1/2Tf2 + 3r//zi/zfll7;1//:1 (28d)

For the problem at hand, there are two internal layer
interfaces that can be treated in the same manner as that just
demonstrated: the interface between the substrate and the
lower insulation layer, and the interface between the upper
insulation layer and the abrasion shield (refer to Fig. 1). In
essence, the procedure is to combine the equations for the last
node in the lower layer [Eq. (23) with the coefficients in
Eqs. (27)] with the equation for the first node in the layer
above it [Eq. (23) with the coefficients in Eqs. (25)] and with
the boundary conditions for the interface as described in Eq.
(3), written in terms of spline first derivatives m\j and mi+ ly.
This operation produces an equation that thermally joins
together the two adjacent layers and contains within it the
physical properties of both layers, as well as the temperatures
at and near the interface. The coefficients of Eq. (23) for this

= (Y2-3ri)ri+lhi+l/hi

-3r/+ !)/•&+!

Du = l/

(29a)

(29b)

(29c)

?+ ly-

(29d)

The interfacial equation at the heater is arrived at by the
same procedure as that used above. The only difference is the
inclusion of the heat flux term. Thus, the following term
should be added to Ay in Eqs. (29)

Ice Layer
For the ice layer, Eq. (5) should be used. An implicit finite-

difference representation of the equation is

Note that the derivative on the right-hand side of the equation
is related to the Kirchhoff variable 6, and not to the physical
temperature or the enthalpy, i.e., here the cubic spline
function S(Xj) interpolates to Bj at a given time level.

Proceeding as in the case of an internal layer, the following
coefficients may be readily developed for the initial nodey = 1
in the ice layer / = w. Note the variable Xin this case is [HO]T;
thus, a set of coefficients having two components are given

Awl = [0,0]

= [l,3kRrw/aw]

(31a)

(31b)

(31c)

(31d)

This is the general expression for the first node in the ice
layer and is valid regardless of phase. However, the coeffi-
cients take on different value as the phase of the ice changes
due to the changing relationship between H and 6, as in-
dicated by Eqs. (8) and (9). Equations (31) are more general
forms of Eqs. (25). This may be easily shown by replacing H
and 6 in Eq. (23) with the coefficients in Eqs. (31) by
appropriate expressions for a subcooled solid (Tw<Tm) from
Eqs. (8) and (9).

The coefficients for the interior and the last node of the
portion of the ice layer that may undergo a phase change are
developed in a similar manner. Further, the interfacial
equations can be developed by uniting the edge boundary
conditions with the equations for the first and last grid points
in the layer, as was done in the internal layer case. The
procedure is direct, but the results are too involved to be
presented here. Those developments may be found in Ref. 23.

Computer Implementation
The numerical solution of this problem consists of writing

an appropriate equation from the list of interior and interface
equations developed for each node of the composite body and
ice layer and then solving the system at each time step. In the
past, iterative procedures, such as the Gauss-Siedel method,
have been employed for problems involving phase change
because the physical state reached in the time step is not
known prior to the calculation of that time step. The solution
at the new time may indeed be in disagreement with the
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Table 1 Baseline deicer pad materials and property values

Layer

Name

Substrate
Insulation

(below heater)
Insulation

(above heater)
Shield
Ice

/

1

2

3
4
5

- Thickness.
Material

Aluminum alloy T5S-T6

Epoxy-glass

Epoxy-glass
304 stainless steel
Ice
water

in.

0.087

0.052

0.012
0.012
0.250

Thermal
, conductivity,

Btu/ft-h-°R

66.5

0.22

0.22
8.7
1.416
0.320

Specific
heat,

Btu/lbm-°R

0.230

0.230

0.230
0.118
0.502
1.00

Density,
lbm/ft3

175.

110.

110.
495.

57.4
62.4

Table 2 Comparison of results with reference code

______ Heater output, W/in.2

Initial 15.0 25.0 40.0
temperature, ————————————————————————————————

°F Marano5 MELT Marano5 MELT Marano5 MELT

23
14
5

-4
-13
-22
-31

1.70a

3.70
6.60

10.50
—
—
—

1.60
3.70
6.70

10.80
—
—
—

1.00
2.00
3.30
4.80
6.60
8.80
—

0.99
2.00
3.28
4.80
6.61
8.90
—

0.60
1.20
1.80
2.50
3.40
4.30
5.35

0.65
1.20
1.87
2.60
3.40
4.30
5.48

Calculated times (in seconds) for the shield-ice surface to reach 32°F from the
initial temperature.

starting assumptions and therefore require additional itera-
tions. Clearly, the computer time escalates as the number of
these iterations increases. On the other hand, if the phase of
each node were known prior to the start of the time step
calculation, an efficient matrix inversion procedure could be
used.

Schneider and Raw21'22 have developed a technique that
makes the direct solution of the system of equations for the
Stefan problem possible. This method was incorporated into
the analysis and produced a tridiagonal system of equations.
This set of equations was then solved by Gaussian elimination,
which is also known as the Thomas algorithm.

The Method of Assumed States
The method developed by Schneider and Raw may still

require iterations as the calculation progresses, but the
number of such iterations was found to be significantly
smaller than the number of iterations using the Gauss-Seidel
procedure. In this new method, the state of each node was
assumed at the start of a time step and held fixed during the
calculation for the new solution. On the basis of the previous
nodal states and the new solution, a correction was made to
the phase of each node and another solution sought. Usually
only one to three such iterations were required to obtain a
converged result in a given time step.

Two rules were used to establish the state of a node within
a control volume. (The state of the node may be solid, phase
transition, or liquid.) The two rules are:

1) In a single iteration, any given control volume is allowed
to change by only one state. For example, in heating, a node
is only allowed to change from solid to phase transition or
from phase transition to liquid in a single iteration. A node
control volume may not directly change from solid to liquid.
2) In a single iteration, the state of a control volume will not
change if in the previous iteration its state and that of its
neighbors was the same. For example, if the control volume
under consideration and both its neighbors were solid, but the

80

60

3 40(8

20

•••• MELT computer output
— smoothing procedure of

Voller and Cross, (20)
• Marano, (5)

8 12 16
Time, seconds

20 24

Fig. 3 Ice/abrasion shield interface temperature during phase
change.

calculations predict its state should be liquid, the state of the
control volume will be maintained as solid.

These two rules were developed to reflect the physical
situation of a phase change in a melt process.

Results and Discussion
Several example problems were investigated using the com-

puter program MELT, which was developed from the method-
ology previously presented. A baseline deicer design was used
for all test cases. Results were compared to predictions ob-
tained using the computer code developed by Marano.5 The
baseline model had convective heat transfer coefficients of 1.0
and 106 Btu/h-ft-°F specified at the substrate/ambient and the
ice/ambient surfaces, respectively. Specific information con-
cerning each of the layers in the pad is listed in Table 1.

The effect of the initial temperature of the composite and
the heater power output on the time for the shield/ice
interface to reach 32°F is shown in Table 2. For this case, the
heater was turned on at time zero and then operated
continuously thereafter. Power outputs of 15, 25, and 40
W/in.2 and initial temperatures from +23 to -31°F were
investigated. As the table indicates, the results of the current
code agree almost perfectly with the values obtained using the
code developed by Marano.5 This is to be expected, since for
this problem there is no phase change and, as such, the
problem is simply transient heat conduction through a
multilayered body.

As a further comparison, a deicer pad with a 25 W/in.
heater was analyzed for an operational time of 25 s. This
length of time was selected in order to assure that the ice layer
would begin to melt. The initial temperature of the pad was
— 4°F. The temperature variation of the shield/ice interface
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Fig. 4 Deicer temperature with continuous heating and no ice
shedding.
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Fig. 5 Melt front location measured from the abrasion shield
surface.

with time is shown in Fig. 3. The dashed curve represents the
calculated results from the current program. The results
display a periodic plateauing of the temperature as each nodal
volume undergoes phase transition and melts. This result is
not physically accurate, but is an outcome of the application
of the enthalpy method, as discussed by Voller and Cross.20

Applying their smoothing procedure removes the oscillatory
temperature variations and produces the condituous curve
shown. The results from Marano's code are also shown and it
is seen that they are in good agreement with the current
predictions. The slight differences are thought be to a result of
the different finite-differencing schemes employed between
the two, i.e., Marano used the Crank-Nicolson method,
whereas a fully implicit method was used in the current study.

The size of the temperature plateaus in Fig. 3 can be altered
by changing the number of nodes in the ice layer. An increased
number of nodes decreases the plateau size (i.e., the length of
time a node is at a fixed temperature). In the limit, a very large
number of nodes should cause the dashed curve in Fig. 3 to
approach the solid curve. This behavior is a result of modeling
a continuous phase change process by a discretized numerical
model.

Initial temperature

.rum i wncii
calculations were
terminated

Shield temperature reached 32 °F
First ice node control volume is

entirely melted

Marano CPU
MELT CPU

11.2

10.6

Marano CPU
MELT CPU

13.0

11.8

The data shown in Fig. 3 also reveal that the temperature
history of a given location (in this case the shield/ice interface)
oscillates less about the true value as the phase change front
moves away from that location. This is indicated by the large
differences between the two curves shown for times of 5-11 s
and smaller variations for times over 20 s.

Temperatures at other locations in the baseline deicer pad
after melting of the ice layer has commenced are shown in
Fig. 4. The curve for the shield/ice interface is the same as that
presented in Fig. 3. The heater temperature curve had
oscillations (not shown) similar to those at the shield/ice
interface, but the differences between them and the smooth
curve were less. No oscillations in the temperature of the
substrate were detected, because the substrate is far removed
from the location where the phase change occurs.

The location of the phase change front as a function of time
is shown in Fig. 5. The circles in the figure are results from the
reference code. Agreement between the results is very good.
As can be seen, no melting occurs until 4.8 s, after which
melting takes place in nearly a linear manner. After 23 s,
0.025 in. of the ice has melted.

A comparison of the CPU times between Marano's code5

and MELT is given in Table 3. The ratios of the CPU times for
four different cases are presented. In each of the cases, the
baseline deicer pad design was used. Two initial temperatures
were considered: +23 and -13°F. For each of these
temperatures, the calculations were terminated when 1) the
shield/ice interface reached 32°F, but no melting occurred,
and 2) the first nodal control volume in the ice layer became
totally liquid. In each case, the CPU times for the current code
were less than the reference code by at least a factor of 10. The
very short running time for the current code is due to the
efficient matrix inversion procedure used to solve the linear
system of equations, assuming the state of each node in the
two-phase region allows the use of the matrix inversion
method. Only an occasional iteration is required when a node
changes phase during a time step. By contrast, the reference
code used the Gauss-Siedel iteration procedure for each time
step regardless if the ice is melting or not.

Conclusions
A new aproach to calculate the transient thermal behavior

of an iced multilayer electrothermal deicer pad was developed.
The impetus of this work was the desire to employ methods
that would greatly speed the computational times of numerical
models of this structure and thereby produce more effective
design tools.

The new approach focused on improved numerical treat-
ment of the heat transfer in the internal pad layers, as well as
on the phase change of the ice. A cubic spline technique was
utilized to solve the internal layer heat transfer problem. By
this approach, a set of algebraic equations having a tridiago-
nal form was established. This set was directly solved by
Gaussian elimination. The computations were also made more
efficient over previous models by eliminating the iterative
procedure generally found in phase change problems. A
modified enthalpy method was used in which the phase of
each node in the ice layer was assumed at each time step. The
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assumptions were based on two rules that effectively incorpo-
rate the physics of the melting process into the problem. What
is more, these assumptions permit the ice layer equations to
also be written in tridiagonal form and thereby allow a rapid
inversion.

Comparisons were made to results obtained using an exist-
ing computer code. It was found that the current method
consistently predicted temperatures that were in excellent
agreement with those obtained using the reference code.
Moreover, the computer run times were significantly reduced.
The results indicate that CPU times were reduced by at least a
factor of 10.

Although the problem solved was one-dimensional, it is
believed that tremendous gains in reducing the overall compu-
tational times of the geometrically more complete, two-dimen-
sional models can readily be made. This work is now being
undertaken.

Appendix: Cubic Spline Relationships
A spline is a polynomial used for approximating a function,

«(#), over a portion of an interval that has been divided into
n siibintervals, not necessarily of equal length. The inter facial
points between the subintervals are called the nodes and
designated as Xj. If we wish to interpolate the function
between the nodes, an interpolating polynomial may be used.
An alternative to writing a single polynomial of degree n for
the entire interval is to approximate the function by n
polynomials called splines, one spline for each subinterval. By
this approach, oscillation of the interpolating polynomial,
which can occur between the interpolating points, is reduced.

Cubic splines are the most widely used splines, perhaps
because of their simplicity and because they possess continu-
ous first and second derivatives everywhere in the subinterval.
The spline function will be designated here as S(x). Since S(x)
is piecewise cubic, S'(x) is piecewise quadratic and S"(x) is
piecewise linear and continuous. From Fig. Ala, an interpo-
lating equation for S "(x) is readily written as

M

— X X-Xj.,1
(Al)

where hj = Xj -x/_i and S "(*/) = Mh j = 0,1,2,...J. Equa-
tion (Al) can be integrated twice to obtain S(x), i.e.,

a) Second derivative

S'(x)

b) First derivative

Fig. Al Cubic spline derivative relationships.

(AS)

Since S'(x) is continuous, Eqs. (A4) and (A5) may be
equated, which produces the following

j = 1,2,...,/-! (A6)
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bj(x -Xj-i

where K{ = My-_ j/fy, K2 = Mj/hj, and aj and fy are integra-
tion constants that can be found from the subinterval end
conditions: S(Xj) = Uj and S(x/_i)= t / /_i . Performing this
evaluation, inserting the coefficients into Eq. (A2), and
differentiating the result produces

j -£ / /_ !

hj

Evaluating this expression at x = xj9 then increasing the index
of all variables in Eq. (A3) and evaluating that expression at
x =xj+i, gives the following two expressions for S'(x) on
either side of xj9 as illustrated in Fig. Alb

hj hj Uj-Uj-i
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